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Abstract
The anisotropic feature of most crystals, involves a direction dependent wave velocity for each of the possible modes. Paratellurite
(Tellurium dioxide) is extraordinary because, for one of the propagation modes, i.e. the quasi shear horizontal (QSH) mode, the anisotropy is exceptional. This results, on the one hand in a very strong directional dependent sound velocity and on the other hand, in a low
wave velocity in certain directions, resulting in a high ﬁgure of merit for the acousto-optical interaction. In the case of inhomogeneous
waves, the slowness surfaces change their shape and magnitude, for all crystals. However, for paratellurite, this eﬀect is again extraordinary. As soon as a relatively small inhomogeneity is considered, the sound velocity for the QSH mode becomes really exceptionally
anisotropic, resulting in a slowness surface that is almost spherical, covered by pins. The velocity corresponding to those ‘pins’, is much
lower than in the case of homogeneous plane waves, which is very promising for the future development of acousto-optic cells involving
an even higher ﬁgure of merit.
Ó 2006 Elsevier B.V. All rights reserved.
PACS: 43.20.Hq; 43.35.Sx; 43.20.f; 43.20.Bi
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1. Introduction
The new materials grown during the recent years are the
crystals based on compounds of tellurium and mercury,
e.g. paratellurite (TeO2), calomel (Hg2Cl2), mercury bromide (Hg2Br2), mercury iodide (Hg2I2), etc. [1–3]. The single crystal of paratellurite (tellurium dioxide), applied in

*

Corresponding author.
E-mail addresses: nico.declercq@me.gatech.edu, Declercq@ieee.org
(N.F. Declercq).
0041-624X/$ - see front matter Ó 2006 Elsevier B.V. All rights reserved.
doi:10.1016/j.ultras.2006.05.113

more than 90% of modern acousto-optic instruments, is
one of the most eﬃcient materials known so far in acousto-optics. Most acousto-optic devices operate in the Bragg
regime and apply the acousto-optic eﬀect for light deﬂection. The diﬀraction eﬃciency g in acousto-optics is the
ratio of the intensity of the ﬁrst order diﬀracted light and
the zero order (un)diﬀracted light. If we consider the wavelength of light in free space, k0, the angle of light beam incidence (measured from the normal to the sound beam), h,
the length of interaction (the length of the light beam in
the acousto-optic interaction area), L, the width of interaction (the length of the ultrasonic beam in the acousto-optic
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interaction area), H, the average energy ﬂow of acoustic
power, Pa, then, in the Bragg regime of diﬀraction, this diffraction eﬃciency is given by [4–7]

1=2 !
p
M 2L
2
Pa
g ¼ sin
ð1Þ
k0 cos h 2H
with
M2 ¼

n3i n3d p2
qV 3

ð2Þ

for birefringent diﬀraction. The refractive index along the
direction of incidence is given by ni, whereas the one along
the diﬀraction direction is nd. The quantity M2 is called the
acousto-optic ﬁgure of merit and is completely determined
by the properties of the considered media. The quantity p is
the eﬀective acousto-optic coeﬃcient, and depends on the
elasto-optic properties of the considered media.
The anisotropy of tellurium dioxide contributes to the
extremely high acousto-optic ﬁgure of merit of the material
M2 = 1200 Æ 1018 s3/g and is about 1000 times higher than
in the reference crystal of quartz [1,2]. The high ﬁgure of
merit in paratellurite originates from the extremely low
magnitude of the slow shear acoustic wave propagating
along the [1 1 0] direction in the crystal (V = 616 m/s), only
two times higher than the velocity of sound in air. On the
other hand, the waves sent along the axes X ([1 0 0]) and
Y ([0 1 0]) of the material, are characterized by the velocity
value V = 3050 m/s, 5 times higher. Note that in moderate
crystals such as quartz, the ratio of the maximal and minimal phase velocity values is less than 2.5 [8].
It may be expected that the elastic anisotropy inﬂuences
not only the homogeneous bulk elastic waves propagation

in paratellurite but also the propagation of inhomogeneous
waves in the material [9,10].
2. Overview of classical slowness surfaces in paratellurite
The theoretical development for describing the propagation of ultrasound in piezoelectric crystals can be found in
refs. [9,10].
Classically, taking into account Einstein’s double suﬃx
notation convention, the (real) wave vector k is replaced
by k = lx(d1,geg) and is entered into the extended christoffel’s equation for piezoelectric materials [9,10]. x is the
angular frequency. Then, for each (real) direction
(d1,x, d1,y, d1,z), the eigenvalue l can be determined. This l
is then the slowness value. At the same time, the polarization vector P is determined as the eigenvector. We have
developed a program that is able to draw 3D slowness surfaces and, when necessary, to add arrows that represent the
polarization or the energy ﬂow. For paratellurite, the slowness surfaces form a complicated 3D structure, consisting
of three layers that intersect one another. The layers, i.e.
the modes, separated according to their order of magnitude
of the slowness for each direction, are then labeled according to the sound polarization and are named quasi longitudinal (QL), quasi shear horizontal (QSH) and quasi shear
vertical (QSV). If it follows that the polarization is mainly
directed along the propagation direction, the label QL is
added. If it is mainly shear and directed along the XYplane, the label QSH is added. If it is mainly shear and
directed along the z-axis, the label QSV is added. The exact
physical parameters of paratellurite, used in the presented
results, can be found in Ref. [11].

Fig. 1. Slowness surface of the QSH mode in paratellurite for homogeneous plane waves. The black arrows denote the polarization vector at each point on
the slowness surface. Strong anisotropy is visible, resulting in four distinguishable lobes. This is a well known eﬀect for this crystal.
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In Fig. 1, the slowness surface for the QSH mode is
depicted, together with black arrows that denote the polarization direction. Similar surfaces have been obtained for
the QL and the QSV modes and they all agree with the
cross-sections that have been presented in [11]. The surfaces can also be found in [12].
3. Inhomogeneous waves in Paratellurite
The behavior of homogeneous plane waves in paratellurite is well described in many references (e.g. ref [4]). Nevertheless, it is also known that inhomogeneous waves can
exist in anisotropic media [9,10,13]. An inhomogeneous
wave is deﬁned as a plane wave having a complex wave
vector k. This results in an exponentially decaying amplitude along the wave front and in a phase velocity that differs from a pure plane wave. The notion of
inhomogeneous waves, inside the bulk of a piezoelectric
crystal, is introduced through the concept of a complex
direction. For complex quantities, we attribute a subscript
‘1’ to the real part and a subscript ‘2’ to the imaginary
part. A real direction is then deﬁned as a real vector d1,
for which d1 Æ d1 = 1. This is generalized to a complex
direction d = d1 + id2, for which d Æ d+ = 1. Then, it is possible to determine the value l from the following deﬁnition
of the complex wave vector:
k ¼ k1 þ ik2 ¼ lxðd1 þ id2 Þ

Fig. 2. Slowness surface of the QL mode in paratellurite for an
inhomogeneity parameter b = 84/140. The black arrows denote the
polarization vector at each point on the slowness surface. A signiﬁcant
deformation is visible compared to the situation where b = 0.

ð3Þ

For every possible complex direction, it is possible to determine l. The number of combinations of d1 and d2 is reduced
by introducing a complex direction that, for simplicity,
contains no imaginary part along the z-axis. The theoretical expressions for these directions and also the resulting
amplitudes of the wave vector for each possible Cartesian
component, real and imaginary, can also be found in
[9,10] where it has been shown that we can introduce an
imaginarity parameter b that is a measure for the inhomogeneity of the considered inhomogeneous waves. We apply
the same parameter b here.
In what follows, the slowness surfaces correspond, for
each direction, to the magnitude of the real part of the
slowness vector s = k/x.
3.1. Inhomogeneous QL modes
Fig. 2 shows the situation when b is 84/140. This ﬁgure
can be compared with the cross-sections in [11] or the surfaces in [12]. It is seen that the slowness surface changes signiﬁcantly and that this change depends on the direction.
Nevertheless, the values of the radius of the slowness surface, remains of the same order of magnitude and it is
therefore mainly the shape of the surface that changes. This
means that, for this mode, the use of inhomogeneous waves
results in diﬀerent characteristics, though spectacular
changes are not observed. For demonstration purposes,
in Fig. 2, the black arrows denote the (real part of the)
polarization vectors.

Fig. 3. Slowness surface of the QSV mode in paratellurite for an
inhomogeneity parameter b = 84/140. The black arrows denote the
polarization vector at each point on the slowness surface. A signiﬁcant
deformation is visible compared to the situation where b = 0.
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3.2. Inhomogeneous QSV modes
Fig. 3 shows the situation when b is 84/140. This ﬁgure
again can be compared with the cross-sections in [11] or the
surfaces in [12]. It is again seen that the slowness surface
changed signiﬁcantly and that the change depends on the
direction. Besides the change of shape, the magnitude is
also changes considerably, whence the use of inhomogeneous waves, for this mode, will diﬀer noticeably from
the case of homogeneous plane waves. For demonstration
purposes, in Fig. 3, the black arrows denote the (real part
of the) polarization vectors.
3.3. Inhomogeneous QSH modes
Because we have noticed that something spectacularly
happens to the QSH mode, when the inhomogeneity
parameter b is increased, we ﬁrst present the result for a
small value of b, i.e. b = 12/140, in Fig. 4. Comparison of
Fig. 4 with Fig. 1 shows that the ‘lobes’ in this slowness
surface, are more outspoken in Fig. 4 than in Fig. 1. This
means that the anisotropy has increased. Further growth
of the inhomogeneity parameter b shows that a spectacular
deformation of the lobes occurs, reﬂecting a spectacular
increase of the anisotropy. The case of b = 84/140 is given
in Fig. 5, where it is seen that the slowness curve has
become almost like a sphere, covered by pins. This means
that the slowness is almost isotropic for most directions,
and becomes extraordinary large (corresponding to an
extraordinary low propagation velocity), for certain directions. For demonstration purposes, the black arrows
denote the polarization vectors. This eﬀect of extraordinary
anisotropy occurs in any crystal, but only for very large

Fig. 5. Slowness surface of the QSH mode in paratellurite for an
inhomogeneity parameter b = 84/140. The black arrows denote the
polarization vector at each point on the slowness surface. Compared to
Fig. 4, the anisotropy is further increased resulting in an almost sphere,
covered by 8 pins.

values of b. The fact that the eﬀect occurs for paratellurite
even for small values such as b = 24/140, is unique.

Fig. 4. Slowness surface of the QSH mode in paratellurite for an inhomogeneity parameter b = 12/140. Compared to Fig. 1, a slightly increased
anisotropy is visible.
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4. Possible consequences in acousto-optics
Acousto-optic devices could be manufactured in the
future that produce bounded inhomogeneous bulk waves
[14]. We would not be surprised that, especially in paratellurite, very interesting eﬀects would be observable. This
could generate new and modern acousto-optic devices.
5. Conclusions and prospects
In this paper, the description and the laws of propagation of bulk inhomogeneous plane waves in the TeO2 single
crystal, are examined. The results of the investigation indicate that the eﬃciency of TeO2 for the acousto-optic interaction, may be further enhanced, by using inhomogeneous
waves instead of homogeneous plane waves. This is due to
the increased velocity diﬀerence for certain directions, compared to the case when only homogeneous plane waves are
taken into account. Acousto-optic modulators, deﬂectors
and ﬁlters should be mentioned in this context. Furthermore, it must also be mentioned that the peculiarities of
the inhomogeneous waves behavior are typical not only
for the paratellurite single crystals but for many other
materials, if they are characterized by a very strong elastic
anisotropy. For example, the results of the analysis may be
generalized to the entire family of crystals such as the mercury halides (calomel, mercury bromide and mercury
iodide). At the moment, these materials, as well as paratellurite, are very promising for the application in modern
acousto-optic devices.
The numerical study in this report shows that it is possible to predict the existence of new acoustic and acousto-optics phenomena in crystals such a paratellurite. The
investigation of laws and regular trends of the propagation
of waves in the new materials may be the basic direction of
the future scientiﬁc research. Therefore, the study is not

e837

only interesting from a fundamental point of view, but also
from the point of applications.
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