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Summary
Inhomogeneous waves are described as pure homogeneous plane waves, except that the wave vector is complex
valued. This results in an exponential decay of the amplitude along the wave front. The last 30 years, a lot of
studies have been reported on the properties of inhomogeneous waves. It is, for example, known that their velocity depends on the inhomogeneity, in isotropic as well as in anisotropic media. Nevertheless, the influence of
piezoelectricity, which is very important for a lot of crystals, has always been neglected in the reported studies.
The present paper reports a study of the propagation of inhomogeneous waves in the bulk of piezoelectric crystals. Special attention is drawn on the susceptibility of inhomogeneous waves to the effect of piezoelectricity.
Numerical examples are given for Lithium Niobate.
PACS no. 43.20.Bi, 43.20.Hq, 43.35.Cg

1. Introduction

2. Theoretical development

From the very beginning, when inhomogeneous waves
made their entry in acoustics, they have been either studied
as side effects in scattering problems at interfaces between
different media, or as independent physical entities, from
a theoretical point of view as well as from an experimental point of view [1]. Most studies have been undertaken
for the case of isotropic media. Only a few studies have
been reported of inhomogeneous waves in anisotropic media [2, 3, 4, 5, 6, 7, 8, 9, 10, 11].
The present study extends the existing studies to the
case where also piezoelectricity is involved. It is known
that piezoelectricity results in a change (often called stiffening effect [12]) of the elastic constants and this has effects on the propagation of homogeneous plane waves.
More precisely, bulk homogeneous waves propagate at different velocities because of this stiffening. In the framework of the study of inhomogenous waves, the question
that needs to be resolved is the influence of the piezoelectric effect on inhomogeneous waves. Will this influence
be different from the influence on homogeneous plane
waves? It will be shown that inhomogeneous waves are
more susceptible to the influence of piezoelectricity than
homogeneous plane waves. Note that it is well known that
inhomogeneous waves also form the building blocks of
surface waves, such as Bleustein-Gulyaev waves on piezoelectric crystals [13]. Here however we only consider bulk
inhomogeneous waves without any influence of the surface.

For piezoelectric materials, taking into account Einstein’s
double suffix notation convention, the stress tensor [12,
14] is given by

ij
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(1)

whereas the electrical displacement is given by

Dk = "ki E i + kij eij 

(2)

where cijkl is the stiffness tensor, kij is the piezoelectric
stress tensor, "ij is the dielectrical permittivity tensor,
is the electric field vector, is the dielectric displacement
vector and ekl is the strain tensor.
For ultrasonic waves [12], the accompanying electric
field is quasistatic and can be described by

D

E = ;r'

E

(3)

with ' a scalar potential.
The acoustic wave equation for visco-elastic materials
is given by

@ ij =  @ 2 ui 
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(4)

whereas the electromagnetic field equations, in the absence of electric currents and electric loads are given by
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Taking into account (3), relations (5)–(6) can be replaced
by [12]
2
r  @t@ 2
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If we consider plane waves, then, for
ization vector,

(7)

P being the polar-

u = AP exp i;kxx + ky y + kz z ; !t

(8)

(9)

Then, relation (7) immediately involves

APq :
B = kr"ks rsq
mn km kn

3. Inhomogeneous waves
Inhomogeneous waves can be generated in materials when
scattering is involved between lossy media. However, it is
also possible to generate inhomogeneous waves by means
of a special transducer. Whereas the behavior of inhomogeneous waves in anisotropic media is well described
[2, 3, 4, 5, 6, 7, 8, 9, 10, 11], the effect of piezoelectricity
has not been considered so far. For piezoelectric materials,
only homogeneous plane waves have been studied [12]. A
complete historical review of the theory of inhomogeneous
waves, can be found in [1]. An inhomogeneous wave is
defined as a plane wave having a complex wave vector .
The notion of inhomogeneous waves inside the bulk of a
piezoelectric crystal, is introduced through the concept of
a complex direction. A real direction is then defined as
a real vector 1 , for which 1  1 = 1. This is generalized to a complex direction = 1 + i 2 , for which
1  1 = 1. Then, it is possible to determine the (complex) value l from the following definition:

k

and

;

' = B exp i kx x + ky y + kz z ; !t :
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d d
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Equation (11) is an extension of Christoffel’s equation.
Only nontrivial solutions 6= 0 are possible whenever

P

det M = 0:
The expression of
plicitely given by

(12)

Mij

can be found in [12] and is ex-
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in which the superscript ‘+’ means ‘complex conjugate’.
Without presuming the wave vector to be real or complex,
it can be shown straightforwardly that (14), becomes, for
an amplitude equal to unity,

h;
;
+ +  +
Fi = 12 ! cilkj kk Pl+ Pj + B (kij kk ; ijk
kk ) Pj
i
(15)
+ "+ij kj+ jB j2 :

F

The average power then corresponds to the real part of ,
whereas the peak reactive power corresponds to the imaginary part of [12].

F

d

(16)

For every possible complex direction, it is possible to determine l. The number of combinations of 1 and 2 is
reduced by introducing a complex direction that, for simplicity, contains no imaginary part along the z -axis. We
choose a complex direction for which the real part is directed as would be defined classically, though we add an
imaginary part to it in the xy -plane perpendicular to the
real part. Then this is normalized in order to make its magnitude equal to unity (  + = 1).

d

d1 + id2 =

m ms s

in which the direction is given by its components t p . Note
that in reference [12] the direction t is always real, whereas
in this report the direction is generally complex. This is
the reason why further on the complex direction will be
given by a vector .This 6th degree polynomial (12) is the
so called ‘stiffened Christoffel’s equation’. From [12] we
know that the instantaneous Poynting vector is given by

d d
d d

k = l!;d1 + id2:

Furthermore, combining relations (4) and (7) delivers [12]

Mip Pp = 0:
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In addition, for reasons of simplicity, we also choose a
normalized real direction, whence 1  1 = 1. For that
reason, given a value of b, we limit the number of possible
inhomogeneous waves by reducing the number of degrees
of freedom to two, representable by a polar angle and an
azimuthal angle of propagation. The parameter b (henceforth called the inhomogeneity parameter) is then a measure for the fraction of imaginariness of the complex direction. When the direction (17) is entered in the Christoffel’s equation (12), the complex scalar l = l 1 + il2 can be
resolved. This value then determines the entire complex
wave vector as

d d

k



k = (k1x + ik2x)ex + (k1y + ik2y )ey
.
(18)
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with

q
k1x = l1 d1x + l2 b 1; d21y 
q
k2x = ;l1 b 1; d21y + l2 d1x 
k1y = l1 d1y ; l2 bd1x

(19)
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k2y
k1z
k2z
N

= l1 bd1x + l2 d1y 
= l1 d1z 
= lq2 d1z 
.
= 1 + b2 (2d21x + d21z ) !:
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(22)
(23)
(24)
(25)

4. Numerical results for Lithium Niobate
The physical parameters of Lithium Niobate are given in
ref [12] and are summarized as follows:
The density is 4700 kg/m;3 .
The elastic constants [1010 N/m2 ] are

C33 = 24:5
C11 = 20:3

C14 = 0:9
C12 = 5:3

C44 = 6:0
C13 = 7:5

(26)

with

C15 = C16 = C25 = C26 = C35
= C36 = C45 = C46 = C34 = 0
C56 = C14  C24 = ;C14  C55 = C44  (27)
C23 = C13  C22 = C11  C66 = ;C12 =2 + C11 =2:

Figure 1. The slowness surface [10;4 s/m] for the QSV-mode, in
the case of homogeneous plane waves, neglecting piezoelectricity. The associated arrows denote the energy propagation vectors
(rescaled for visibility) for each corresponding spot on the slowness surface.

The piezoelectric constants [C/m2 ] are

31 = 0:2 22 = 2:5 15 = 3:7 33 = 1:3

(28)

with

34 = 23 = 25 = 26 = 35 = 0
36 = 11 = 12 = 14 = 13 = 0
32 = 31  16 = ;22 
21 = ;22  24 = ;15 :
The dielectric constants [10 12 F/m] are
"1 = 389 "3 = 257

(29)

;

(30)

with

"2 = "1 

"4 = "5 = "6 = 0:

(31)

Classically, the (real) wave vector k is replaced by
k = l!(d1g eg ) and entered into (12). Then, for each

(real) direction (d1x  d1y  d1z ), the complex eigenvalue
l can be determined. This l is then the complex slowness
value. In what follows, we will only plot the real part of
the slowness value because most often the imaginary part
is negligible and it resembles damping along the propagation path, whereas the current paper focuses on the inverse
wave velocity of waves. At the same time, the polarization
vector
is determined as the eigenvector. Here, for the
case of inhomogeneous waves, for each chosen real direction d1 , and a parameter b, the complex value l is determined from (16) and Christoffel’s equation (12). We have
developed a program that is able to draw 3D slowness surfaces and, when necessary, adds arrows that represent the
polarization or the energy flow (the real part of the Poynting vector). The modes are then named after the sound polarization and are labeled as quasi longitudinal (QL), quasi

P
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Figure 2. The slowness surface [10;4 s/m] for the QSV-mode, in
the case of homogeneous plane waves, including piezoelectricity. The associated arrows denote the energy propagation vectors
(rescaled for visibility) for each corresponding spot on the slowness surface.

shear horizontal (QSH) and quasi shear vertical (QSV). If
it follows that the polarization is mainly directed along the
propagation direction, the label QL is added. If the polarization is mainly shear and directed along the XY -plane,
the label QSH is added. If the polarization is mainly shear
and directed along the Z -axis, the label QSV is added.
In Figure 1, the slowness surface is depicted for the
QSV-mode, in the case of homogeneous plane waves and
neglecting piezoelectricity. In addition, arrows are added
that correspond to the energy flux direction (the real part
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Figure 3. The difference between the case when there is piezoelectricity involved and when the piezoelectric effect is neglected, for the QSV-mode [10;5 s/m]. This figure physically
corresponds to the difference between Figure 2 and Figure 1, i.e.
Figure 2 minus Figure 1. The corresponding arrows denote the
difference in energy propagation vector (rescaled for visibility).

Figure 4. This figure corresponds to Figure 1, except that the
arrows here denote the polarization.

of the Poynting vector), rescaled for visibility. If piezoelectricity is considered, a stiffening effect occurs whence
the slowness changes, depending on the direction. This is
seen in Figure 2, where the slowness curve for the QSVmode is considered, in the presence of piezoelectricity.
Note the difference between Figure 2 and Figure 1. As a
matter of fact, it is possible to plot the difference between
Figure 2 and Figure 1. This difference, corresponding to
the difference between the case of piezoelectricity and the
case of non-piezoelectricity, is shown in Figure 3. The arrows correspond to the difference in real Poynting vectors
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Figure 5. This figure corresponds to Figure 2, except that the
arrows here denote the polarization.

Figure 6. The difference between the case when there is piezoelectricity involved and when the piezoelectric effect is neglected, for the QSV-mode [10;5 s/m]. This figure physically
corresponds to the difference between Figure 5 and Figure 4.
The corresponding arrows denote the difference in polarization
(rescaled for visibility). In fact, this figure corresponds to Figure 3, except that the arrows here denote the polarization.

(rescaled for visibility). Note that point-symmetry is preserved in Figure 3 and that some directions do not involve
any change of stiffness, whereas others involve changes,
resulting in a difference between the slowness. For each
considered direction, the difference is plotted.
A similar procedure, for the same QSV-mode, is followed for Figures 4–6, except that now each time, when
drawing the arrows, the polarization vectors are considered
and not the real Poynting vectors. Note that the piezoelectric effect, besides influencing the energy propagation di-
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Figure 7. The difference between the case when there is piezoelectricity involved and when the piezoelectric effect is neglected, for the QSV-mode [10;5 s/m], in the case of inhomogeneous waves. This figure corresponds to Figure 3, except that
inhomogeneous plane waves are considered here, characterized
by a parameter of imaginariness b = 60=140. The associated arrows denote the difference of the Poynting vector (rescaled for
visibility).
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Figure 9. This figure corresponds to Figure 6, i.e. for the case of
homogeneous plane waves, except that the QL-mode is considered here.

Figure 10. This figure corresponds to Figure 9, except that inhomogeneous plane waves are considered here, characterized by a
parameter of imaginariness b = 60=140.

Figure 8. The difference between the case when there is piezoelectricity involved and when the piezoelectric effect is neglected, for the QSV-mode [10;5 s/m], in the situation of inhomogeneous waves. The corresponding arrows denote the difference in polarization (rescaled for visibility). As a matter of fact,
this figure corresponds to Figure 6, except that inhomogeneous
plane waves are considered here, characterized by a parameter of
imaginariness b = 60=140.

rection, also has a strong influence on the polarization vectors. In what follows, in order to limit the number of presented figures, we only focus on the differences between
the case with piezoelectricity and the case without piezoelectricity.
So far, only homogeneous plane waves have been considered, involving a parameter of imaginariness b = 0.

844

Now we consider a parameter b 6= 0, resulting in inhomogeneous waves. Figure 7 shows the difference between
the slowness surface for the QSV-mode, in the case of
b = 60=140. The black arrows denote the difference between (the real part of) the Poynting vector for each considered direction.
Comparison between Figure 7 and Figure 3 shows that
inhomogeneous waves are more susceptible to piezoelectricity than homogeneous plane waves. The reason is not
clear, but it could be a result of the fact that for a considered mode, the presence of an inhomogeneity in the
wave front, does not only influence the sound velocity, but
also the polarization, whence the considered mode slightly
changes its nature and is better influenced by the effect of
piezoelectricity.
Figure 8 corresponds to Figure 7, except that, here, the
difference of polarization is denoted by the black arrows.
Note that indeed the polarization is altered by the presence
of the piezo-electric effect.
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are sometimes neglected when studying the interaction of
sound with crystals, it is better not to neglect the effect if
inhomogeneous waves are generated within the crystal or
if the interaction of bounded inhomogeneous [15] waves,
with such crystals is considered.
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Figure 11. This figure corresponds to Figure 6, i.e. for the case
of homogeneous plane waves, except that the QSH-mode is considered here.

Figure 12. This figure corresponds to Figure 11, except that inhomogeneous plane waves are considered here, characterized by
a parameter of imaginariness b = 60=140.

In addition, Figure 9 depicts the difference, in slowness surface for homogeneous plane waves, between the
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60=140. Figure 11 illustrates the same as Figure 9, except
that the QSH mode is considered and Figure 12 demonstrates the same as Figure 10 for the QSH mode.After
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5. Conclusions
The study is valid for any piezoelectric crystal, though it
has only been outlined for Lithium Niobate. It is shown
that the effect of piezoelectricity is better felt by inhomogeneous plane waves than by homogeneous plane
waves. This means that, even though piezoelectric effects
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