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This article describes a way to change the focal length of a single transducer without phased array
technology and without changing the 共real兲 frequency. The physical effect is induced by changing
the signal’s amplitude in a precise manner in order to approach the complex harmonic wave regime.
In this regime, changing the imaginary frequency results in a change of the focal length. A study is
performed for different beam shapes and for complex harmonic signals as well as for complex
pulsed signals. © 2005 American Institute of Physics. 关DOI: 10.1063/1.1851015兴
I. INTRODUCTION

II. THEORY

Focused transducers are widely used in acoustic
microscopy1 and, in general, nondestructive testing.2–4 In the
medical field, pulsed focused ultrasound has long been used
to destroy kidney stones, and the high intensity focused ultrasound 共HIFU兲 technique is applied in the treatment of
cancer5 and internal wounds. The latter is realized by “stimulating” thrombocytes to locally coagulate;6–9 i.e., acoustic
hemostasis. The technique is also used to seal air leaks in
lungs.10 It is also possible to treat cancer by means of the
local hyperthermia technique, in which low共er兲 intensity focused ultrasound is used during a much longer period of
time. For the moment, one is limited to the use of single
focused transducers, which have almost no flexibility to
change the focal length, or phased arrays, which are more
flexible but possess their own inherent shortcomings, such as
a very high cost.
For a given single transducer, the only known technique
to change the focal length for a given medium is changing
the input frequency. However, unless the new frequency is an
odd number of the transducer’s first harmonic, the generated
power is negligible. The current article describes a technique
to change the focal length without changing the frequency,
but by altering the amplitude in a very distinctive manner. In
what follows, we redefine the word frequency. What is classically called “frequency” is now explicitly called “real frequency.” The real frequency is a specific part of a more general “complex frequency” and is responsible for the phase of
the considered signal. The “imaginary frequency” is, as will
be explained further subsequently, responsible for the temporal amplitude change.
Furthermore, even though focusing of ultrasound is often
accompanied by nonlinear effects, especially when very high
amplitudes are involved, such as in HIFU, for simplicity, we
limit this discourse to a linear regime in viscoelastic media.

In the linear elasticity regime, sound fields can be divided into the long-lasting or the harmonic type and the
short-time, pulsed type. In practice, all sound fields are
bounded in space, whereas mathematically, infinite waves
are also possible.
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A. Building blocks of the bounded beam description

Harmonic infinite plane waves are orthogonal solutions
of the wave equation and therefore form the building blocks
for the description of complicated sound fields. However,
more sophisticated, although more general, solutions of the
wave equation are so-called complex harmonic inhomogeneous plane waves. Such waves are described as classical
homogeneous plane waves, as

共r,t兲 = AP exp共␥k · r − 2␥ ft兲 with ␥ = ± 1,

共1兲

except that each of the quantities in Eq. 共1兲, apart from time
t and position r, are complex valued instead of simply real
valued. An extensive historical overview of such waves has
recently been reported by Declercq et al.11
Besides the amplitude A, the polarization is, in general,
complex valued, as
共2兲

P = P1 + iP2 ,
and so is the frequency f, as
f = 2共f Re + if Im兲.

共3兲
11

The complex wave vector is decomposed as
k = kRe + ikIm = kRe + i共␣ − ␤兲,

共4兲

with ␣ 储 kRe and ␤ ⬜ kRe. It can then be verified that
u = AP exp共2␥ f Imt兲exp共− ␥␣ · r兲
⫻exp共␥␤ · r兲exp i共␥kRe · r − 2␥ f Ret兲.

共5兲

The parameter kRe is the propagation wave vector, f Re is the
real frequency, ␣ is the damping vector, and ␤ is the inho-
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mogeneity vector. The parameter ␥ is included in Eqs. 共1兲
and 共5兲 and determines the sign convention that is used. Most
often it is set equal to +1, although some researchers prefer
to set it equal to −1. The need to distinguish between different values of ␥ will be clear later on, when we describe
focusing of bounded beams. The parameter f Im determines
the transient feature of the wave under consideration and is
called the source parameter. If ␥ f Im is positive, the wave is
amplified in time; if it is negative, the wave diminishes in
time.
If we take a closer look at Eq. 共5兲, we see that only the
last factor determines the phase of the complex harmonic
inhomogeneous wave. All the other factors determine the
amplitude. Nevertheless, Eq. 共5兲 must be a solution of the
wave equation, because otherwise it cannot physically exist.
For viscoelastic media, the wave equation for waves described by Eq. 共1兲 results in the dispersion relation;11 i.e.,
k·k=

冉

冊

2
2 f
− i␣0,b ,
vb

共6兲

where b = d for longitudinal waves and b = s for shear waves.
vb is the phase velocity for harmonic homogeneous plane
waves 共i.e., having a real wave vector and real frequency兲
and ␣0,b is the intrinsic damping coefficient. Contrary to a
harmonic wave, whose amplitude is constant in time and
contains only one single 共real兲 frequency f Re, a complex harmonic wave shows exponential amplitude decay in time and
contains one single complex frequency f = f Re + if Im. The generation of complex harmonic waves has already been
achieved experimentally12 by application of a proper electrical input signal to a single transducer.
Recently, it has been shown11,13 that, for complex harmonic waves, it is necessary to distinguish between phase
velocity
2 f Re
kRe
kRe · kRe

vph =

共7兲

and amplitude velocity
vamp =

2 f Im
kIm .
kIm · kIm

共8兲

The velocity of energy propagation is then given by
vE =

SRe
,
SRe · Sph

共9兲

with phase slowness vector Sph given by11
Sph =

kRe
,
2 f Re

共10兲

and with SRe the real part of the slowness vector, defined as11
2
2
SRe = 共kIm f Im + kRe f Re兲/2共f Re
+ f Im
兲.

共11兲

B. Bounded beam description

A bounded sound beam is determined by a profile along
the direction perpendicular to the sound propagation direction, and a propagation pattern determined by physical laws.

FIG. 1. Graphical representation of a Gaussian and a square profile, in
amplitude as well as in phase.

In isotropic homogeneous media, the properties of a real
three-dimensional 共3D兲 bounded beam are sufficiently represented by a two-dimensional 共2D兲 bounded beam. This approach has been followed in many papers before.14–33 Therefore, we assume a bounded beam having a given profile
along the x direction and propagating in the z direction. Furthermore, this assumption involves constant properties along
the y direction and results in relative numerical and representational ease.
The profile 共along the x direction兲 of a focused bounded
harmonic beam g共x , z , t , f Re , f Im兲, i.e., Gaussian34 if  = 2, or
square if  = 8, can be described as
2
g共x,0,0, f Re, f Im兲 = exp共− x/W兲exp关− ␥ix2/共W2Wfoc
兲兴,

共12兲
W being the 共Gaussian兲 beam width and Wfoc being a focusing parameter. For unfocused beams, Wfoc = ⬁, whereas for
focused beams, Wfoc is typically smaller than or equal to
unity. The profile 共12兲 shows amplitude as well as phase
variation. The result can be seen in Fig. 1, for a Gaussian
beam profile 共 = 2, W = 4 mm, Wfoc = 0.9兲 and a square profile
共 = 8, W = 4 mm, Wfoc = 1兲. Here, it is necessary to distinguish between the positive sign choice 共␥ = ± 1兲兲 and the
negative sign choice 共␥ = −1兲 in the building blocks 共1兲 and
共5兲 and the profile 共12兲. The reason is that focusing occurs
when the center of the beam is behind in time, compared to
the edges of the beam. This principle is incorporated by a
positive or a negative phase shift of the center compared to
the edges, depending on whether the material particle vibrations are represented by a clockwise 共or counterclockwise,
respectively兲 rotating phase vector in the complex phase
space.
For the moment, we deal with 共complex兲 harmonic
beams, which means that there is only one 共complex兲 frequency involved. Later on, when pulsed beams are considered, more frequencies will be involved through a temporal
Fourier transform.
Because a Gaussian function is not a solution of the
wave equation, it is necessary to decompose the profile function 共12兲 into plane waves, i.e.,
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冋兺
M

g共x,z,t, f Re, f Im兲 =

m
Am exp i␥共km
x x + kz z兲

m=−M

册

⫻exp关− 2␥共f Re + if Im兲t兴,
1
with km
x = mkx 苸 R,

共13兲

using the spatial discrete Fourier transform for obtaining the
Fourier coefficients Am and the wave vector components km
x
and applying the dispersion relation 共6兲 in order to obtain the
remaining wave vector components kzm. The value of k1x depends on the considered spatial interval and will be explained later.
Given the values km
x , obtained from the discrete Fourier
transform, each wave vector component kzm determines the
propagation direction of the plane wave denoted by the integer m and is a function of the complex frequency f through
the dispersion relation 共6兲. The effect of the phase profile of
the bounded beam 共see bottom of Fig. 1兲 on the propagation
structure, also depends on the frequency. This effect is well
known for the concept of real frequencies. If a focused transducer is driven at different real frequencies, the focal length
changes because the propagation direction of the present
Fourier components change as well. However, driving a
given transducer is often only possible at frequencies near a
given first harmonic or at odd multiples. Nevertheless, the
effect of a change of the complex frequency, and in particular
of the source parameter f Im, on the focal length, is unknown.
Because changing f Im actually does not mean applying a different driving frequency, but essentially means relaxation of
the input signal. The influence on the focal length of the
input signal relaxation is of practical interest. The next section describes the effect of the source parameter f Im on the
focal length of a complex harmonic Gaussian beam and also
of a square beam.
III. COMPLEX HARMONIC FOCUSED
BOUNDED BEAMS

From a mathematical point of view, harmonic bounded
beams are easily described, because they can be decomposed
into Fourier components having the same 共complex兲 frequency 关Eq. 共13兲兴. The situation of pulsed bounded beams
will be dealt with in the next paragraph. We take the example
of focused bounded beams in water. The longitudinal wave
velocity v is 1480 m / s. For simplicity, except when explicitly stated, we reckon only with a lossless liquid; i.e., ␣0,d
= 0. The real frequency is 2 MHz. We define the focal length
as the distance between the origin and the spot of highest
amplitude within the focused beam. Because the profile of a
bounded beam is, by definition, described by a function that
differs from zero within a limited spatial interval, the fast
Fourier transform 共FFT兲 method is applicable. The spatial
interval of the transform must be chosen large enough because the resulting representation is automatically periodic in
space, with a period equal to that spatial interval, and we
want to avoid interference, along the propagation path, between neighboring beams in the mathematical representation.
For that reason, we have chosen a large spatial interval
关−20W , 20W兴. This spatial interval determines the lower

FIG. 2. Filled contour plot of the amplitude pattern of a complex harmonic
bounded Gaussian beam in water, originating at 共x , z兲 = 共0 , 0兲, and characterized by W = 4 mm, W f = 0.9, f Re = 2 MHz, and f Im = −1500 Hz. The focal spot
is situated at z ⬇ 48 mm. In this figure, sound is propagating from right to
left.
1
bound of the considered nonzero values of 兩km
x 兩; i.e., kx
= 2 / 40W. The upper bound is determined by Nyquist–
Shannon’s theorem.35–37 Very briefly, Nyquist–Shannon’s
theorem states that, when sampling at a given rate, the highest frequency that can appear in the sampled signal is
half the sampling frequency. In the considered interval
关−20W , 20W兴, we found for our purposes, that the beam
profile could sufficiently well be represented by 212 points,
involving, when translating Nyquist–Shannon’s theorem to
11
spatial samples, an upper bound for km
x of 2 / 40W ⫻ 2 . We
choose powers of 2, because the FFT is much faster for a
number of samples being equal to a power of 2.

A. Focused Gaussian beams

First of all, a filled contour plot displays isolines calculated from the amplitude distribution and fills the areas between the isolines using constant colors. In Fig. 2, a filled
contour plot of the amplitude pattern of the Gaussian
bounded beam in water, originating at 共x , z兲 = 共0 , 0兲, is
shown, characterized by W = 4 mm, W f = 0.9, f Re = 2 MHz,
and f Im = −1500 Hz. It is seen that the focal spot is situated at
z ⬇ 48 mm. The pattern for the case of f Im = 1500 Hz is
shown in Fig. 3, where it is seen that the focal spot is situated
at z ⬇ 20 mm. The difference in focal spot position is significant. In fact, in Fig. 4, the focal spot position is calculated as
a function of f Im, and it is seen that the focal length changes
when altering f Im. The change is remarkable and spans over
4 cm. This is as good as what is to be expected from a
phased array transducer of comparable size that is used in
HIFU.38 We have repeated the calculations for a nonzero
damping ␣0,d = p␣w, with ␣w = 0.6⫻ 10−15, the damping in
physical water, and with p 苸 兵0 , 5 , . . . , 50其. Even though
damping influences the amplitude at the focal spot, no
change was noticeable in the focal length. For this Gaussian
beam, we have also calculated the focal length as a function
of f Re for f Im = 0, and we have found that beyond a threshold
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FIG. 3. Similar to Fig. 2, except that f Im = 1500 Hz. Here, the focal spot is
situated at z ⬇ 20 mm. In this figure, sound is propagating from right to left.

frequency of 0.5 MHz, the distance D 共in mm兲 of the focal
spot is given by a linear function of f Re 共in MHz兲 described
by
D = 16.77f Re − 0.8534.

共14兲

The existence of a threshold frequency is due to a considerable near field for low frequencies. As stated earlier, changing f Re is in practice not always realistic, even though mathematically, a considerable focal shift is possible, as seen in
Eq. 共14兲.

FIG. 5. Amplitude propagation pattern of a complex harmonic bounded
square-shaped beam in water originating at 共0,0兲, characterized by W
= 4 mm, W f = 1, f Re = 2 MHz, and f Im = −100 Hz. The focal spot is situated at
23.4 mm. In this figure, sound is propagating from right to left.

and the interval in which focalization occurs, is different
from the case of a Gaussian beam 共cf. Fig. 4兲, the effect of
f Im is again significant. It is therefore shown that f Im does not
solely influence the focal length of Gaussian beams, but also
of other types.
IV. COMPLEX PULSED FOCUSED BOUNDED BEAMS
A. Signal representation

In order to show that the effect of the focal length
change is not just a mathematical trick that is only valid for
Gaussian beams, we have performed similar calculations as
in the previous section, for a square profiled bounded beam,
as depicted on the right side of Fig. 1.
In Fig. 5, the amplitude pattern of the square shaped
bounded beam in water originating at 共0,0兲 is shown,
characterized by W = 4 mm, W f = 1, f Re = 2 MHz, and f Im
= −100 Hz. The focal spot is situated at 23.4 mm. In Fig. 6,
the change of focal length as a function of f Im is given. Even
though the change in focal spot distance as a function of f Im

The previous paragraph described focusing of complex
harmonic beams. Such beams are mathematically very elegant, although they never exist in reality. Real signals are
always limited in time and they can only be approximated by
a 共complex兲 harmonic beam within a restricted time interval
that is smaller than the duration of the signal. A very short
signal is generally called a pulse and is classically generated
by means of a capacitor unloading its charge rapidly to a
transducer. By complex pulsed signals, we actually mean a
somewhat longer signal that approaches the complex harmonic signal structure within a limited temporal interval.
Therefore, there is a complex harmonic regime, preceded by
a start regime and followed by a stop regime. The start re-

FIG. 4. Focal length of a complex harmonic Gaussian beam in water as a
function of f Im and for W = 4 mm, W f = 0.9, and f Re = 2 MHz.

FIG. 6. Focal length of a complex harmonic square-shaped beam in water as
a function of f Im and for W = 4 mm, W f = 1, and f Re = 2 MHz.

B. Focused square beams
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FIG. 7. Top: complex pulsed signal given by Eq. 共15兲, for f = 2 MHz
− i1000 Hz and a duration of 2 ms. Bottom: The corresponding Fourier
spectrum.

gime is characterized by a relatively rapid increase of the
amplitude from zero to a start maximum, whereas the stop
regime has the opposite effect. A realistic function that describes complex pulsed signals is given by

冋冉 冊册
冋 冉 冊册

h共t兲 = exp −

t − 1.08m
m

⫻exp − i␥2 f t −

18

1
4f Re

,

共15兲

where m = 0.455/ R, with R the pulse rate and 1 / R the duration of the complex harmonic pulse. The symbol ␥ is defined
earlier and represents the sign choice of the wave description. Because the signal 共15兲 is not a solution of the wave
equation, a decomposition into Fourier components is again
mandatory. In this perspective, it is necessary to paraphrase
Nyquist–Shannon’s theorem35–37 as “the sampling rate must
be equal to, or greater than, twice the highest frequency component in the signal.” We considered a pulse rate of 共2 ms兲−1,
which means that the considered pulses cannot last longer
than 2 ms. We have again used f Re = 2 MHz and several numerical simulations revealed that the frequency components
of the considered time limited signals are always situated in
the short vicinity of the central frequency of 2 MHz. We
therefore limit the upper frequency to 共2 + ␦兲 MHz. Nyquist–
Shannon’s theorem shows that the sampling rate must then
be larger than 共4 + 2␦兲 MHz, or, given the pulse rate of
共2 ms兲−1, the number of samples must be 8000+ 4000␦. Several trial calculations showed that the frequency components,
for the signals tackled in this article, are always negligible
above a value determined by ␦ = 0.048. This value results in a
number of samples given by 2N = 213. Therefore, N is the
number of Fourier components and the time-limited signal
h共t兲 is represented by
N

h共t兲 =

兺 Bn exp共− i2 f nt兲,

with f n = nR 苸 R.

共16兲

n=0

A first example of a complex pulsed signal is given in Fig. 7,
for f = 2 MHz− i1000 Hz and a duration of 2 ms. The corresponding Fourier spectrum is also given in Fig. 7. It can be
seen that the relevant frequency components are distributed

FIG. 8. Amplitude profile along the Z axis 共x = 0兲 for 125 instants of time
from the beginning to the end of the signal of Fig. 7. In the complex harmonic regime, the presence of a focal spot is clear and the focal length
corresponds to that of the corresponding complex harmonic bounded beam.

in a very small range around the central frequency of 2 MHz.
We would like to point out that a signal that is described by
a complex frequency, can always be represented by a summation of signals having a real frequency, if it is a timelimited signal. Furthermore, the distribution of the frequency
components around the real part of the considered complex
frequency, depends on the imaginary part. The effect of
changes in the focal length is then understood as follows:
The presence of different frequency components in the Fourier spectrum causes a different propagation pattern, as described earlier. In Fig. 7, the amplitude of the considered
complex pulse, shows a maximum at a certain position in
time. The side left of the maximum is called the “start regime,” whereas the side right of the maximum is the “complex harmonic regime.” The stop regime is situated near
2 ms, and is invisible here, because the amplitude of the
signal has dropped so much in the complex harmonic
regime.
B. Bounded beam representation

The description of a bounded beam that is generated by
an input complex pulsed signal at the origin, is performed by
a superposition of harmonic plane waves as follows:
M

g共x,z,t, f Re, f Im兲 =

N

兺 兺 Cm,n exp i共kmx x + kzm,nz
m=−M n=0
− 2 f nt兲,km
x , f n 苸 R.

共17兲

If Cm,n is rewritten as
Cm,n = ambn ,

共18兲

then, identification with the expression within the brackets of
Eq. 共13兲 and with Eq. 共16兲 results in am = Am, bm = Bm, and
kzm,n is determined by km
x and f n through the dispersion equation 共6兲. Actually, this means that the number of plane waves
in the decomposition equation 共17兲 is the product of the
number in Eq. 共13兲 for the spatial description and in Eq. 共16兲
for the temporal description, which means that we are dealing with 224 samples, or in other words, more than 8 ⫻ 106
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FIG. 9. Same as Fig. 7, except that the the frequency is now f = 2 MHz
+ i300 Hz. This corresponds to a complex pulse having increasing
amplitude.
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FIG. 11. The amplitude at the focal spot for each instant of time and for six
cases that correspond to the bold dots of Fig. 4.

building blocks that, when superposed, form the considered
bounded, pulsed beams. This results in a relatively large
computation time. It is clear that a similar description of 3D
beams would require far too much calculation time, which is
an additional reason only 2D bounded beams are considered
here.
Numerical implementation of Eq. 共17兲 enables us to visualize the beam pattern at any instant in time. Because this
article primarily highlights focusing of bounded beams, we
show, by means of a filled contour plot in Fig. 8, the amplitude profile along the Z axis 共x = 0兲 for 125 instants of time
from the beginning to the end of the signal of Fig. 7. It can
be seen that, as soon as the complex harmonic regime is
reached, a stable focusing effect occurs at a distance equal to
the one for complex harmonic bounded beams characterized
by the same beam width, focusing parameter and complex
frequency. In fact, the focal length in the complex harmonic
regime was calculated for different values of the imaginary
frequency. The results are added to Fig. 4 as bold dots. The
signal, corresponding to an imaginary frequency of 300 Hz,
is given in Fig. 9. Its spatial structure along the z axis for
each instant of time is given in Fig. 10. Again, in the complex harmonic regime, a focal spot is visible at the position

corresponding to the case of a complex harmonic beam. The
focus disappears in the stop regime. The stop regime is significant here, because, contrary to the signal in Figs. 7 and 8,
this signal increases its amplitude before reaching the stop
regime.
It is also clear that the amplitude at the focal spot,
changes in time due to the shape of the complex pulse. In
Fig. 11, the amplitude at the focal spot is given for each
instant of time and for six cases that correspond to the bold
dots of Fig. 4. Furthermore, the position of the focal spot is
also a function of time, especially in the start and stop regimes. This is seen in Fig. 12, where the line code is the
same as in Fig. 11. It is seen that the focal spot position is
constant in the complex harmonic regime, and changes in the
other regimes and also that the amplitude at the focal spot
follows the amplitude of the input signal. An important question to be asked is where such a temporal and spatially limited beam produces the largest power. Of course, it must be
on the focal spot, but because the position of the focal spot
and the accompanied amplitude both change in time, it is not
evident to give an immediate answer. For that reason, we
have calculated the following function:

FIG. 10. Same as Fig. 8, except that the frequency is now f = 2 MHz
+ i300 Hz. This corresponds to a complex pulse having increasing
amplitude.

FIG. 12. The position of the focal spot as a function of time, the line code
is the same as in Fig. 11.
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FIG. 13. A measure of the total deliverd power at the focal spot within one
complex pulse, as a function of the distance along the Z axis, calculated by
means of Eq. 共19兲. It is clear that the maximum power release happens at the
focal length corresponding to the complex harmonic regime.

Q共z, f Re, f Im兲 =

冕

1/R

0

with
P共f Re, f Im兲 =

冕

A共z,t, f Re, f Im兲 P共f Re,0兲
dt,
P共f Re, f Im兲 ⌯共f Re兲

共19兲

1/R

兩g共0,0,t, f Re, f Im兲兩dt

共20兲

0

nary part of the frequency. This imaginary part is responsible
for an exponential change of the amplitude in time and different imaginary frequencies result in different focal lengths.
We have shown that this effect happens for Gaussian beams
as well as for square beams. We have also shown that the
value of the focal length does not depend on the intrinsic
damping parameter.
Because real signals are always limited in time, we have
also studied complex pulses and have shown that the effect
of the imaginary part on the focal length of complex pulsed
bounded beams is essentially the same as for complex harmonic bounded beams, except in the start and stop regimes.
Even though we only considered a linear regime in an isotropic and homogeneous medium like water, it is likely that
similar effects will occur in more complicated media such as
human tissue,39 and that for many applications, especially in
the medical field, the cost of equipment may be reduced if
for some treatments, expensive phased arrays can be replaced by much cheaper single transducers.
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1

being the amplitude of the input signal, integrated over the
duration of the complex pulse and characterized by a frequency f = f Re + if Im. Furthermore,

冋冕

1/R

H共f Re兲 = max

0

A共z,t, f Re,0兲dt

册

共21兲

and
A共z,t, f Re, f Im兲 = 兩g共0,z,t, f Re, f Im兲兩FocalSpot .

共22兲

The function of Eq. 共19兲 is a measure of the total energy
received during the duration of the pulse on a certain spot
along the z axis, and normalized so that the total power of the
input signals under consideration are the same for each of
those signals. Figure 13 shows the result for 190 discrete
positions along the z axis and for incorporation of 125 instants of time. Only the results between 30 and 40 mm are
given, because the values were negligible elsewhere. It is
seen that, even though the focal spot changes its position in
time, and even though the amplitude at the focal spot
changes in time, overall, the largest amount of energy is
delivered on the constant focal spot in the complex harmonic
regime. This is really important, especially when not the
peak value of the amplitude at the focal spot is important, but
the overall energy delivery, such as in the use of the local
hyperthermia technique mentioned in Sec. I.
V. CONCLUSIONS

We have described the influence of the frequency on the
focal length of a bounded beam. The effect of the real frequency is well known and has only been given short consideration. More attention was drawn to the effect of the imagi-
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